I. INTRODUCTION
The recent introduction of the critical point symmetries E(5) [1] and X(5) [2] , which describe shape phase transitions between vibrational and γ-unstable/prolate deformed rotational nuclei respectively, has stirred much interest in special solutions of the Bohr Hamiltonian [3] , describing collective nuclear properties in terms of the collective variables β and γ. Such solutions can describe nuclei in the whole region between different limiting symmetries, while critical point symmetries are appropriate for describing nuclei only at or near the critical point, in good agreement with experiment [4, 5, 6, 7, 8] .
Shape phase transitions in nuclear structure have been first discovered [9] in the classical analog [10, 11] of the Interacting Boson Model [12] , which describes collective nuclei in terms of collective bosons of angular momentum zero (s-bosons) and two (d-bosons) in the framework of a U(6) overall symmetry, possessing U(5) (vibrational), SU(3) (prolate deformed rotational), and O(6) (γ-unstable) limiting symmetries. To visualize these limiting symmetries and the transitions between them it is useful to place them at the corners of a symmetry triangle [13] . A similar triangle for the collective model has been introduced [14] .
In the IBM framework it has been found that a first order phase transition occurs between U(5) and SU(3), while a second order phase transition occurs between U(5) and O(6) [9] . Within the collective model, X(5) corresponds to the first case and E(5) to the second.
It has been known for a long time [15] that simple special solutions of the Bohr Hamiltonian, resulting from exact separation of variables in the relevant Schrödinger equation, can be obtained in the γ-unstable case, in which the potential depends only on β, as well as in the case in which the potential can be written in the separable form u(β, γ) = u(β) + u(γ)
in the special cases of γ ≈ 0 or γ ≈ π/6 [16] . An approximate separation of variables has also been attempted for potentials of the form u(β, γ) = u(β) + u(γ) (2) in the cases of γ ≈ 0 [2] or γ ≈ π/6 [17] . A brief summary of existing solutions is listed here.
1) The E(5) critical point symmetry [1] is a γ-unstable solution, using as u(β) an infinitewell potential starting from β = 0. Displacing the well from β = 0 leads to the O(5)-Confined Beta Soft [O(5)-CBS] model [18] . γ-unstable solutions have also been given for the Coulomb [19] and Kratzer [19] potentials, β 2n potentials (n = 1, 2, 3, 4) [20, 21] (labelled as E(5)-β 2n ), as well as for the Davidson potential [22, 23, 24, 25] u(β) = β 2 + β 4 0
where β 0 is the position of the minimum of the potential. A solution using a well of finite depth has also been given [26] .
2) The X(5) critical point symmetry [2] is an approximate solution, using a potential of the form of Eq. (2) with γ ≈ 0 [achieved by using as u(γ) a harmonic oscillator potential with minimum at γ = 0] and an infinite-well potential starting from β = 0 as u(β). Displacing the well from β = 0 leads to the Confined Beta Soft (CBS) model [27] . Similar solutions have been obtained for β 2n potentials (n = 1, 2, 3, 4) [28] (labelled as X(5)-β 2n ), as well as for the Davidson potential [25] .
3) Z(5) [17] is an approximate solution, using a potential of the form of Eq. (2) with γ ≈ π/6.
4)
Exactly separable solutions using a potential of the form of Eq. (1) and γ ≈ 0 have been obtained for the Coulomb [29] and Kratzer [29] potentials, the infinite-well potential 5) Exactly separable solutions, using a potential of the form of Eq. (1) and γ ≈ π/6, have been obtained for the Coulomb [32, 33] , Kratzer [32, 33] , and Davidson [32, 33] potentials.
6) In addition to the special analytical solutions mentioned above, a powerful method for solving the Bohr Hamiltonian numerically has been developed recently [34] , evolving into an algebraic collective model [35] . The relations between the algebraic collective model and the different limiting symmetries of the Interacting Boson Model [12] have been studied in Refs. [36, 37] . Using this numerical method, the Bohr Hamiltonian has been solved [38] for the same potentials used in X(5), but avoiding the approximate separation of variables, resulting in evidence for strong beta-gamma mixing.
Chains of models mentioned above cover regions between different limiting symmetries. Their predictions can therefore be tested against a large body of experimental data [39] .
The potentials mentioned above (infinite well, harmonic oscillator, Coulomb, Kratzer, Davidson) are known to be exactly soluble for all values of angular momentum L. In the present work, we introduce special solutions for the Morse potential [40] ,
which is known [41, 42] to be exactly soluble only for L = 0. Analytical expressions for the spectra for any L are obtained by solving the relevant differential equation through the Asymptotic Iteration Method (AIM) [43, 44] , after applying the Pekeris approximation [45] .
Solutions for the γ-unstable case and the exactly separable rotational case with γ ≈ 0 (to be called ES-M) are obtained. In order to demonstrate the effectiveness of AIM, we first apply it to the Davidson and Kratzer potentials in the same cases (γ-unstable, exactly separable rotational with γ ≈ 0), recovering the above-mentioned solutions which can be obtained in terms of special functions.
A few advantages of the present approach are listed here.
1) In X(5) and related models, using potentials of the form of Eq. (2), the ground state and beta bands depend only on the parameters of the β potential, while the gamma bands depend also on an additional parameter introduced by the γ potential [usually the stiffnes of the harmonic oscillator used as u(γ)]. When exactly separable potentials of the form of Eq. (1) are used, all bands (ground state, beta, gamma) depend on all parameters. Thus, all bands are treated on an equal footing, as in the case of the ES-D solution [31] .
2) A well known problem of X(5) and related solutions is the overprediction of the energy spacings within the beta band by almost a factor of two [6, 7, 8] . It is known that this problem can be avoided by replacing the infinite-well potential of X(5) by a potential with sloped walls [46] . The present solution avoids this problem, since the right branch of the Morse potential imitates the sloped wall.
In order to test the applicability of the Morse potential in the description of nuclear spectra, we have fitted all nuclei with mass A ≥ 100 and R 4/2 = E(4)/E(2) < 2.6 for which at least the β 1 and γ 1 bandheads are known [47] , using the γ-unstable solution of the Morse potential, which involves two free parameters (β e , a). We have also fitted all nuclei with mass A ≥ 150 and R 4/2 = E(4)/E(2) > 2.9 for which at least the β 1 and γ 1 bandheads are known [47] , using the exactly separable rotational solution of the Morse potential with γ ≈ 0 (ES-M), which involves three free parameters (the Morse parameters β e and a, as well as the stiffness c of the γ potential, for which a harmonic oscillator is used). A comparison of the latter to the fits provided by the Davidson potential in the exactly separable γ ≈ 0 case [31] (ES-D), which contains two free parameters (β 0 , c) instead of three, shows that the extra parameter extends the region of applicability of the model in the same nuclei to higher angular momenta, largely improving the quality of the fits.
In Section II of the present work, the Asymptotic Iteration Method (AIM) is briefly reviewed. The method is then applied to the exactly separable rotational γ ≈ 0 case for the Davidson, Kratzer, and Morse potentials in Section III, and to the γ-unstable case of the same potentials in Section IV. Fits to experimental data are presented in Section V, while
Section VI contains discussion of the present results and plans for further work.
II. OVERVIEW OF THE ASYMPTOTIC ITERATION METHOD
The Asymptotic Iteration Method (AIM) has been proposed [43, 44] and applied [48, 49, 50, 51, 52, 53] to the solution of second-order differential equations of the form
where λ 0 (x) = 0 and the prime denotes the derivative with respect to x. The functions, s 0 (x) and λ 0 (x), must be sufficiently differentiable. Eq. (5) has a general solution [43] y
for sufficiently large k, k > 0, if
where
For a given potential, the radial Schrödinger equation is converted to the form of Eq. (5).
Then, s 0 (x) and λ 0 (x) are determined, and the functions s k (x) and λ k (x) are calculated by the recurrence relations of Eq. (8).
The termination condition of the method, given in Eq. (7), can be arranged as
Then, the energy eigenvalues are obtained from the roots of Eq. (9) if the problem is exactly solvable. If not, for a specific principal quantum number n, we choose a suitable x 0 point, generally determined as the maximum value of the asymptotic wave function or the minimum value of the potential [43, 50] , and the approximate energy eigenvalues are obtained from the roots of this equation for sufficiently large values of k by iteration.
The corresponding eigenfunctions can be derived from the following wave function generator for exactly solvable potentials
where n represents the radial quantum number.
Recently, Boztosun and Karakoc [54] have further improved the method for the exactly solvable problems by rewriting the second-order differential equation of Eq. (5) in the form
By comparison with Eq. (5), τ (x), σ(x), and Ω n can be found to be
where Ω n is a constant which comprises the eigenvalue. Then, the energy eigenvalues are obtained from
The applicability of this new solution is demonstrated for the Morse potential in Appendices A3 and A6.
III. EXACTLY SEPARABLE SOLUTIONS FOR γ ≈ 0
The original collective Bohr Hamiltonian [3] is
where β and γ are the usual collective coordinates which define the shape of the nuclear surface. Q k (k=1, 2, 3) represents the angular momentum components in the intrinsic frame, and B is the mass parameter. Reduced energies and reduced potentials are defined
. If the potential has a minimum around γ = 0, the angular momentum term in Eq. (14) can be written [2] as
Exact separation of variables can be achieved [15, 31, 32, 33] for potentials of the form
. We then assume wavefunctions of the form [ 15, 31, 32, 33] , into a "radial" part (depending on β) and a γ part. 
where λ is a term coming from the exact separation of variables, determined from the γ equation.
The γ equation has been solved [2, 31] for a potential
leading to
where C = 2c. The final result for the energy eigenvalues coincides with the results of Ref.
[31]. The details of the AIM calculation are given in Appendix A1.
Special case 1:
If we take β 0 = 0, the Davidson potential becomes the potential of a harmonic oscillator. Then, the expression for the energy eigenvalues coincides then with the one obtained for the ES-X(5)-β 2 model of Ref. [30] .
Special case 2: Taking c = 0 and K = 0 (i.e. λ = 0) in Eq. (17), we obtain for the ground state and beta bands energy eigenvalues of the X(5)-Davidson solution of Ref. [25] .
B. Kratzer potential
We again use an exactly separable potential of the form given in Eq. (1), with a Kratzer potential [19, 29] 
in β, while in γ, we use a harmonic oscillator potential, u(γ) = cγ 2 /2, as in Ref. [29] . Solving the "radial" (β) equation by AIM, we obtain the energy eigenvalues
which, in comparison with the result of Ref. [29] , contain the additional term λ, coming from the procedure of exact separation of variables, as shown in detail in Appendix A2.
The term λ is determined by solving the γ equation through AIM, as exhibited in detail in Appendix A2, the final result being
in agreement with the solution of the γ equation given in Ref. [29] , as demonstrated in Appendix A2.
Special case: Taking B = 0 in Eq. (20) , the Coulomb potential is obtained. The energy eigenvalues are still given by Eq. (21) with B = 0. Again, the result differs from the one reported in Ref. [29] by the presence of the λ term, due to the exact separation of variables, as already remarked.
C. Morse potential
We use the exactly separable form of the potential given in Eq. (1) again. The Morse potential [40] is defined as
Using the Pekeris approximation [45] and solving the β equation through AIM (the details are given in Appendix A3), we obtain the energy eigenvalues
λ in the last equation comes from the exact separation of variables and is determined from the γ equation. We use the same γ potential (Eq. (18) ) as in the Davidson case (subsection III.A), leading to the expression for λ = (3C)(n γ + 1) −
as given in Eq. (19) .
IV. γ-UNSTABLE SOLUTIONS
In this case, the reduced potential is assumed to be γ independent, v(β, γ) = u(β). Then the wavefunction is assumed to be of the form [15] 
The equation which includes the Euler angles and γ has been solved by Bès [55] . In this equation, the eigenvalues of the second-order Casimir operator of SO (5) occur, having the form Λ = τ (τ + 3), where τ is the seniority quantum number, characterizing the irreducible representations of SO (5) and taking the values τ = 0, 1, 2, 3, . . . [56] .
The values of the angular momentum L are given by the algorithm
(with 2λ − 1 missing), where ν ∆ is the missing quantum number in the reduction SO(5) ⊃ SO(3) [56] . The ground state band levels are determined by L = 2τ and n = 0.
A. Davidson potential
The "radial" equation, when solved through the AIM, leads to the energy eigenvalues
the details of the calculation are given in Appendix A4. This result coincides with those of Ref. [25] .
Special case: Taking β 0 = 0 in Eq. (31), one gets the simplified expression
which is the 5-dimensional harmonic oscillator solution of Bohr [3] .
B. Kratzer potential
Solving the "radial" equation by AIM (see Appendix A5 for the details), we obtain the energy eigenvalues
which coincide with the results of Ref. [19] .
Special case: For B = 0, the γ-unstable solution for the Coulomb potential is obtained
which coincides with the result of Ref. [19] .
C. Morse potential
Using the Pekeris approximation [45] and AIM (see Appendix A6 for the details), we obtain the energy eigenvalues
with the rest of the quantities given again by Eq. (25). 54 Xe isotopes, with the parameters given in Table I . See Section V for further discussion.
V. NUMERICAL RESULTS
In order to test the applicability of the Morse potential in the description of nuclear spectra, we have fitted all nuclei with mass A ≥ 100 and R 4/2 = E(4)/E(2) < 2.6, for which at least the β 1 and γ 1 bandheads are known, using the γ-unstable solution of the Morse potential, which involves two free parameters (β e , a). Results for 54 nuclei are shown in Table 1 . The quality measure
used in the rms fits, remains below 1 in most cases.
The Morse potentials obtained for the 54 Xe isotopes are shown in Fig. 1 Table II . See Section V for further discussion.
(which is the position of the minimum of the potential) increases, while the parameter a, which corresponds to the steepness of the potential, decreases. As a result, one gradually obtains less steep potentials with a minimum further away from the origin. The trends start to be reversed at 118 Xe 64 , which is just below mid-shell.
We have also fitted all nuclei with mass A ≥ 150 and R 4/2 = E(4)/E(2) > 2.9 for which at least the β 1 and γ 1 bandheads are known, using the exactly separable rotational solution of the Morse potential with γ ≈ 0 (ES-M), which involves three free parameters (the Morse parameters β e and a, as well as the stiffness C of the γ potential). All bands are treated on an equal footing, depending on all three parameters. Results for 45 rare earths and 13 actinides are shown in Table 2 . The quality measure σ of Eq. to the mid-shell nucleus 174 Yb 104 , the β e parameter (which is the position of the minimum of the β-potential) again increases, while the parameter a, which corresponds to the steepness of the β-potential, again decreases. The C parameter, which is related to the stiffness of the γ-potential, increases. As a result, one gradually obtains less steep β-potentials with a minimum further away from the origin, while the γ-potentials get stiffer at the same time.
A notable exception occurs in the N = 90 isotones 150 Nd, 152 Sm, 154 Gd, which are known [6, 7, 57 ] to be good examples of the X(5) critical point symmetry, along with 178 Os [58] . The relative failure of the Morse potential to describe critical nuclei is expected. The potential at the critical point is expected to be flat, as the infinite-well potential used in X(5), or to have a little bump in the middle [8, 39] . Microscopic relativistic mean field calculations [59, 60, 61] of potential energy surfaces support these assumptions. Since the Morse potential cannot imitate a flat potential, with or without a bump in the middle, it is expected that it cannot describe these nuclei satisfactorily.
A comparison of the fits of Table 2 instead of three (see Table 1 of Ref. [31] ), shows that the extra parameter extends the region of applicability of the model in most nuclei to higher angular momenta, largely improving the quality of the fits.
As an example, the spectra of 154 Dy (γ-unstable case) and 232 Th (exactly separable rotational case with γ ≈ 0) are shown in Table 3 (14), we obtain the "radial" and γ equations
Assuming u(γ) = (3c) 2 γ 2 and expanding Eq. (40) in powers of γ for γ ≃ 0, we get [31]
The solution of this equation is given [31] in terms of Laguerre polynomials with
We now solve the "radial" equation by using AIM. Plugging the Davidson potential of Eq. 
and plugging it into Eq. (43), we obtain
To simplify this equation we define
This second-order differential equation must have a solution of the form
Using this function in Eq. (47), one can get
From Eq. (5), one can define λ 0 (β) and s 0 (β) as follows
Then, s k (x) and λ k (x) are calculated by the recurrence relations of Eq. (8)
. . .
By applying the termination condition of AIM, Eq. (9), we get the energy eigenvalues from the roots of ∆ k as follows
while the general expression is
Then, substituting the value of µ from Eq. (46) yields the energy eigenvalues
which are identical to the ones found in Ref. [31] .
A2. Exactly separable γ ≈ 0 solution for the Kratzer potential
Separation of variables proceeds as in Appendix A1. The "radial" equation is
where we have used the wave function of Eq. (16) and the transformation ξ
This equation differs from the corresponding one of Ref. [29] by the term λ, which comes from the exact separation of variables and will be determined below from the gamma equation.
Defining a new parameter set
Eq. (58) becomes
which leads to
According to Eq. (5) of AIM, one then has
Using the recurrence relations of Eq. (8), one can then determine λ k (x) and s k (x) as
After determining ∆ k (x) by using the termination condition Eq. (9), the energy eigenvalues are found from the roots of ∆ k (x) as follows
generalized into
From Eqs. (59) and (60), one then obtains
To find λ, we have to solve the γ equation of Eq. (40), using [29] u(γ) = cγ 2 /2. Expanding around γ = 0 and taking ǫ γ = λ + K 2 /3, one obtains
which, through the transformation
Defining c 2
this equation is brought into the form
which is suitable for solving through AIM, by considering a solution of the form
Following the same procedure as above, we obtain the differential equation in the form
Comparison with Eq. (5) leads to
By using the recurrence relations of Eq. (8) and the termination condition of Eq. (9), one can find the energy eigenvalues to be
and the generalized form is (ε γ ) µ,m = 2µ + 3 + 4m.
Using µ from Eq. (74), this becomes
This result agrees with Ref. [29] , with K = 2n γ − 4m, m = 0, 1, . . . , n γ , as stated there.
It is also in full agreement with the results of Ref. [31] , taking into account the different coefficients of γ 2 in u(γ).
A3. Exactly separable γ ≈ 0 solution for the Morse potential
Separation of variables again proceeds as in Appendix A1. Using the transformation
Defining
the "radial" equation becomes
We now apply the Pekeris approximation [45] . Renaming µ (1+x) 2 as u L (x) and expanding in a series around x = 0 we get
In the exponential form, u L (x) can be written as
Expanding also this equation in a series around x = 0, we get
Comparing Eqs. (86) with Eq. (88), one can now determine the c i coefficients
Returning to the "radial" equation
and by using the ansatz
we get
Rewriting this equation by using the new variable y = e −αx , we obtain
Inserting a wave function of the form
the second order differential equation becomes
Comparison with Eq. (11) leads to the identifications
From Eq. (13), we get
while the generalized form is written as
Using Eq. (91), one then obtains
A4. γ-unstable solution for the Davidson potential In this case, the reduced potential depends only on β. Using the wave function of Eq.
(28), the relevant "radial" equation becomes
where χ τ (β) = β −2 R τ (β) and
For this differential equation, one looks for a solution of the form
Using this function in Eq. (100), we get a differential equation, which is similar to Eq. (5)
Comparing to Eq. (5), we identify
Then the recurrence relations of Eq. (8) give λ k (β) and s k (β), while by using the termination relations of Eq. (9), we can obtain the energy eigenvalues
which give the generalized form
Substituting in this expression the value of p from Eq. (101), one gets
in agreement with the result obtained in Ref. [25] .
A5. γ-unstable solution for the Kratzer potential
Using wavefunctions of the form Ψ(β, γ, θ i ) = χ(β)Φ(γ, θ i ), the "radial" equation becomes
in agreement with Ref. [19] . Substituting χ(β) = β −2 ξ(β), this becomes
Using the parameter set
the differential equation becomes
Assuming that this equation has a solution of the form
we bring it into the form
Comparison with Eq. (5) then provides
By using the recurrence relations of Eq. (8) and the termination conditions of Eq. (9), one then obtains the energy eigenvalues from the roots of ∆ i (y) as given below
These are generalized into
From Eq. (110), one then obtains the energy eigenvalues
in agreement with Ref. [19] .
A6. γ-unstable solution for the Morse potential
Using a wave function of the form of Eq. (28), the "radial" equation is
Taking ξ(β) = β −2 χ(β) and
this equation becomes
Using the parametrization
one obtains
Applying now the Pekeris approximation [45] as in Appendix A3, we replace 1/(1 + x) 2 by its approximate expression, obtaining
the differential equation is brought into the form
Introducing a new variable y = e −αx , one has
Comparison with Eq. (11) leads to
Using Eq. (13), one then has
From Eq. (124), we obtain the energy eigenvalues while n indicates the total number of levels involved in the fit and σ is the quality measure of Eq. (38) . See Section V for further discussion.
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